Damping constants of free oscillations of coupled gas bubbles change considerably when time delays due to the finite speed of sound in the surrounding liquid are taken into account. This effect is illustrated analytically by the example of a two-bubble system and numerically by the example of a bubble chain. By comparing the numerical data with experimental measurements, it is shown that allowing for time delays considerably improves agreement between theory and experiment.
I. INTRODUCTION
The purpose of this paper is to draw attention to the effect of time delays on free oscillations of a system of coupled gas bubbles in a liquid. Time delay arises from the finite speed of sound propagation in the liquid, or, in other words, from the finite compressibility of the liquid. As a result, the acoustic pressure field that is experienced by each bubble in the system due to oscillations of all the other bubbles, and which provides acoustic coupling between the bubbles, is a time-retarded field. The literature on this topic is devoted mainly to investigating forced oscillations which are caused by an external acoustic field ͑Feuillade, 2001; Hsiao et al., 2001͒;  or time-averaged radiation forces between two bubbles which are known as secondary Bjerknes forces ͑Doinikov and Zavtrak, 1997; Mettin et al., 2000; Doinikov, 2001͒ . In these cases, the effect considered in the present paper does not manifest itself distinctly. However, there are many applications, such as feedback measurements of industrial aerators, emission of sound by submarines, oceanic bubble dynamics, etc., where it is the free oscillations of multibubble systems that are the subject of interest ͑Pum-phrey and Crum, 1990; Boyd and Varley, 2001; Manasseh et al., 2001; Chanson and Manasseh, 2003͒ . The present paper shows that in the context of simulating such processes, time delay plays a very important role.
II. EQUATIONS OF FREE OSCILLATIONS OF A MULTIBUBBLE SYSTEM
Classically, small free-radial oscillations of N coupled bubbles are described by the following equations ͑Leighton, 1994͒:
where x n (t) is the small change in the radius of the nth bubble, n0 , ␦ n , and R n0 are the resonant angular frequency, the total damping constant, and the equilibrium radius of the nth bubble, respectively, and d nm is the distance between the centers of the nth and mth bubbles. However, these equations hold only for an incompressible liquid. For a compressible liquid, with a finite speed of sound propagation, they take the form ͑Fujikawa and 
where c is the sound speed in the surrounding liquid. It should also be mentioned that in both Eqs. ͑1͒ and ͑2͒, the separation distances between bubbles are assumed to be large compared to the bubble radii, d nm ӷR n0 . In the next sections, predictions of these two models are compared for the cases of a two-bubble system and a bubble chain.
III. TWO-BUBBLE SYSTEM
Let us first consider a system that consists of two interacting bubbles of equal size. This case can be analyzed analytically.
A. Without time delays
For the case of two equal bubbles, Eqs. ͑1͒ give
where bϭ 0 ␦, ␦ϭ␦ r ϩ␦ t ϩ␦ v is the total damping constant which includes the radiation (␦ r ), thermal (␦ t ), and viscous (␦ v ) dissipation, and ϭR 0 /d, where R 0 ϭR 10 ϭR 20 and d ϭd 12 . Expressions for the damping constants ␦ r , ␦ t , and ␦ v can be found in Clay and Medwin ͑1977͒, and will not be repeated here. Solutions to Eqs. ͑3͒ are sought as
Substituting Eqs. ͑4͒ into Eqs. ͑3͒, and operating in the standard way, one obtains the following two eigenvalues of system ͑3͒:
Note that, mathematically, it is more correct to call i 1 and i 2 the eigenvalues of Eqs. ͑3͒. However, in the present paper it is more convenient to apply this term to 1 and 2 , and we will do this below. Note also that Eqs. ͑3͒ have actually four eigenvalues but the other two are simply complex conjugates to i 1 and i 2 and therefore they are not given here to save space. It is convenient to represent n as n ϭ n ϩi␣ n , where n is then the eigenfrequency and ␣ n is the damping coefficient of the eigenmode corresponding to the eigenvalue n . From Eqs. ͑5͒, one then obtains
These equations show that
i.e., the lower-frequency mode has a lower damping coefficient than the higher-frequency mode. This result is well known in the literature and reproduced here only for the purpose of further comparing with results of the next subsection.
B. With time delays
For the same case of two equal bubbles, Eqs. ͑2͒ give
where ϭd/c. For ӶT 0 , where T 0 ϭ2/ 0 , ẍ n (tϪ) can be approximately represented by using a Taylor series as
Introducing this approximation will increase the order of Eqs. ͑8͒. In order to perform eigenanalysis, it would be desirable to first reduce the order of Eq. ͑9͒ to be the same as the original equations, i.e., Eqs. ͑8͒. To do this, it is evident from Eqs. ͑8͒ that
Recall that the spacing between the bubbles is assumed to be large compared to their size, i.e, Ӷ1. It follows that the term Ϫẍ m (tϪ) can be neglected in Eq. ͑10͒ as the right-hand sides of Eqs. ͑8͒, into which Eqs. ͑9͒ and ͑10͒ will be substituted, are already of the first order in . Differentiating Eq. ͑10͒, one finds
Substituting Eq. ͑11͒ into Eq. ͑9͒, one obtains
Finally, substitution of Eq. ͑12͒ into Eqs. ͑8͒ yields 
With the minus sign, one obtains
and correspondingly
One can see from these equations that
provided that dϾd cr ϭ␦c/( 0 (1Ϫ␦ 2 )), i.e., there is a critical bubble spacing above which damping becomes higher for the lower-frequency mode. Thus, incorporating time delay reverses the situation with damping so that the lowerfrequency mode has a higher damping coefficient and hence should subside faster.
IV. BUBBLE CHAIN
In this section, Eqs. ͑1͒ and ͑2͒ are applied to a bubble chain. It is assumed that all bubbles are of equal size and equally spaced. The eigenvalues of both systems are computed in the following manner. Equation ͑4͒ is substituted into, for example, system ͑1͒. This leads to a homogeneous system of linear algebraic equations in the unknowns a n . The determinant of the system is then calculated and set equal to zero. In doing so, we get the characteristic equation of the system as a function of . The eigenvalues of the system are calculated as roots of the characteristic equation. The difference between systems ͑1͒ and ͑2͒ is that the characteristic equation of the former is a polynomial of degree 2N in , while that of the latter is a nonlinear equation in terms of the unknown . Calculations were conducted by using FORTRAN routines from the program package IMSL MATH/LIBRARY. Numerical simulations were done for air bubbles in water. The equilibrium radius of the bubbles R 0 and the separation distance between the bubbles ⌬z were set to R 0 ϭ3.5 mm and ⌬zϭ32.1 mm, respectively. These values correspond to experiments by Manasseh et al. ͑2004͒ as detailed in the next section. The damping co-efficients ␣ n of ten modes that were calculated by Eqs. ͑1͒ ͑i.e., without time delays͒ are shown in Fig. 1 . This figure displays how the damping coefficients vary as the number of the bubbles in the chain is increased. It is seen that the higher the eigenfrequency, the higher the damping coefficient, and that all of them decrease as the number of the bubbles is increased. The damping coefficients calculated by Eqs. ͑2͒ ͑i.e., with time delays͒ are shown in Fig. 2 . The two open circles were obtained from the approximate equations ͑16͒ and ͑18͒ and are given for comparison. The plots in Fig. 2 are clearly different from those in Fig. 1 . The damping coefficient of the lowest frequency mode, mode 1, is much higher than those of all the other modes and increases rapidly with increasing number of the bubbles. Figure 3 shows a scaled-up plot of the damping coefficients for modes 2 to 10. It is seen that the magnitudes FIG. 1 . Variation of damping coefficients with number of bubbles with no time delays. The host liquid is water, the gas within the bubbles is air, the equilibrium bubble radius R 0 ϭ3.5 mm, and the separation distance between the bubbles ⌬zϭ32.1 mm. of the damping coefficients are fairly close, especially for the higher-frequency modes. They do not appear to increase significantly with increasing N. In other words, comparing Figs. 1 and 2, one can say that time delays result in a strong suppression of the lowest frequency mode and an equalization of the damping of all the other modes.
V. COMPARISON WITH EXPERIMENT
The significance of time delays is well demonstrated by comparing predictions of Eqs. ͑1͒ and ͑2͒ with experiments by Manasseh et al. ͑2004͒ in which the distribution of acoustic pressure around a chain of rising bubbles was measured. The chain was produced in a water-filled tank by the nozzle. The nozzle was supplied with air under pressure producing bubbles in a highly repeatable manner. The acoustic pressure field was induced by free oscillations of the bubbles in the chain. The oscillations developed when the newly formed bubble at the base of the chain detached from the nozzle, creating sound on its detachment. The full circles in Fig. 4 show the profile of rms pressure along a vertical line 0.06 m from the nozzle axis that was experimentally obtained by Manasseh et al. for a bubble chain consisting of 16 bubbles. Manasseh et al. had measured a significantly anisotropic sound-pressure distribution around the chain: in the radial direction pressure fell off roughly as expected for a monopole point source, while in the vertical direction ͑parallel to the chain͒ pressure did decrease with distance from the nozzle but more gradually. Manasseh et al. used a coupledoscillator model that neglected time delays; it qualitatively predicted the anisotropy between vertical and radial directions but failed to predict the correct vertical profile of rms pressure. Parameters for the numerical model based on the present time-delay formulation were chosen to correspond with the experimental data. The initial equilibrium radius of the bubbles and the separation distance between them were set to R 0 ϭ3.5 mm and ⌬zϭ32.1 mm, respectively. In addition, it is assumed that the initial radial velocity of the bottom bubble is Ṙ (tϭ0)ϭ9 mm/s, while that of all the other bubbles is equal to zero. The solid line in Fig. 4 shows the numerical data obtained by solving Eqs. ͑2͒. The numerical prediction using Eqs. ͑1͒ with similar initial conditions is shown by the dashed line. It is seen that allowing for time delays provides a better agreement with experiment data.
VI. CONCLUSIONS
It has been shown theoretically by the examples of a two-bubble system and a bubble chain that time delays due to the finite compressibility of the surrounding liquid considerably change the damping coefficients of the eigenmodes of a coupled multibubble system, in particular reversing the trend of higher damping for higher frequencies, provided bubbles are further than a critical distance. The change is such that the lowest frequency mode acquires the highest damping coefficient, while the damping coefficients of all the other modes are much smaller and close to one another. It has also been shown by comparison of numerical and experimental results that the time-delay model provides a better agreement with experiment. This gives confidence that the predicted change in the behavior of the damping coefficients by the time-delay model is a physical phenomenon.
